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Multinomial experiment

A multinomial experiment has 3 characteristics:

1 an experiment with n independent repetitions;

2 each repetition admits k outcomes: A1,A2, . . . ,Ak , mutually exclusive;

3 the probability, pi = P(Ai ), of occurrence of each possible outcome Ai , i =

1, 2, . . . , k, does not change in each repetition. Note that
∑k

i=1 pi = 1.
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Multinomial distribution

Let the multidimensional discrete random variable (DRV)

X = (X1,X2, . . . ,Xk)>,

where Xi : is the number of times that Ai occurs

in the n repetitions of

a multinomial experiment, with probability of Ai occurring equal to pi ,

i = 1, 2, . . . , k.
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Multinomial distribution

Remark
The Xi are not independent DRVs,

since
∑k

i=1 Xi = n. Consequently, as

soon as the values of any (k − 1) of these DRVs are known, the value of

the kth one is determined.
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Multinomial distribution

Thus, the DRV X has a multinomial distribution, with parameters n and

p = (p1, p2, . . . , pk)>,

alternatively,

X ∼ multinomial(n,p) or X ∼ multinom(n,p).
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Multinomial distribution

The probability function of a multidimensional discrete random variable X ∼

multinomial(n,p) is given by:

p(x1, x2, . . . , xk) = n!
x1!x2! . . . xk !px1

1 px2
2 . . . pxk

k I{n}(x1 + x2 + · · ·+ xk),

where pi ∈ (0, 1), i = 1, 2, . . . , k.
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Multinomial distribution

The expectation and variance of a multidimensional multinomial DRV X

are given, respectively, by E(X) = [E(X1),E(X2), . . . ,E(Xk)]> and

Var(X) =



Var(X1) Cov(X1,X2) · · · Cov(X1,Xk)

Cov(X2,X1) Var(X2) · · · Cov(X2,Xk)
...

... . . . ...

Cov(Xk ,X1) Cov(Xk ,X2) · · · Var(Xk)


,
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Multinomial distribution

where

E(Xi ) = npi ,

Var(Xi ) = npi (1− pi ),

Cov(Xi ,Xj) = −npipj , for i 6= j ,

with i , j = 1, 2, . . . , k. In general, that is, in matrix form, we can write

E(X) = np and Var(X) = n
[
diag(p)− pp>

]
, where diag(p) is a diagonal

matrix, with the main diagonal equal to p.
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Multinomial distribution

Let t = (t1, t2, . . . , tk)> ∈ Rk , the moment-generating function of X is

given by

M(t) = E(et>X) = E
(
et1X1+t2X2+···+tkXk

)
=
( k∑

i=1
pieti

)n

.
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Multinomial distribution

Examples:

In 10 rolls of a die,

the interest is in counting the number of occurrences

of each of the 6 faces;

In a database with 1,500 customers, the interest is in counting how

many of them would have a loan application approved in full, for 50

Hardy-Weinberg equilibrium (Hardy, 1908; Weinberg, 1908).
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Bivariate normal distribution

Let (X1,X2)> be a two-dimensional continuous random variable (CRV),
taking all values in the Euclidean plane. We say that (X1,X2)> has a
bivariate normal distribution if its joint probability density function (PDF)
is given by the following expression

f (x1, x2) = 1
2πσ1σ2

√
1− ρ2

(1)

× exp
{
− 1

2(1− ρ2)

[(x1 − µ1

σ1

)2
− 2ρ (x1 − µ1)(x2 − µ2)

σ1σ2
+
(x2 − µ2

σ2

)2
]}

× IR(x1) IR(x2),

where µ1 ∈ R, µ2 ∈ R, σ2
1 ∈ R+, σ2

2 ∈ R+ and ρ ∈ (−1, 1).
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Bivariate normal distribution

Properties.

The parameter ρ will be the correlation coefficient between X1 and X2;

The marginal distributions are, respectively,

X1 ∼ N(µ1, σ
2
1), X2 ∼ N(µ2, σ

2
2);

The conditional distributions are, respectively,

X1|X2 = x2 ∼ N
[
µ1 + ρ

σ1
σ2

(x2 − µ2), σ2
1(1− ρ2)

]
,

X2|X1 = x1 ∼ N
[
µ2 + ρ

σ2
σ1

(x1 − µ1), σ2
2(1− ρ2)

]
.
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Bivariate normal distribution

Remarks.

It is possible to have a joint PDF that is not bivariate normal,

and yet

the marginal PDFs of X1 and X2 are univariate normal;

If ρ = 0, the joint PDF of (X1,X2)> may be factored and, consequently,

X1 and X2 will be independent. Thus, we verify that in the case of a

bivariate normal distribution, zero correlation and independence are

equivalent.
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Multivariate normal distribution

Let X = (X1,X2, . . . ,Xk)> be a continuous random vector. We say that X

has a multidimensional (multivariate) normal distribution if its joint PDF is

given by the following expression

f (x) = 1√
(2π)k |Σ|

exp
{
−1
2(x − µ)>Σ−1(x − µ)

}
IRk (x), (2)

Magalhães, TM (ICE-UFJF) Multivariate distributions September 25, 2026 17 / 40



Multivariate normal distribution

Let X = (X1,X2, . . . ,Xk)> be a continuous random vector. We say that X

has a multidimensional (multivariate) normal distribution if its joint PDF is

given by the following expression

f (x) = 1√
(2π)k |Σ|

exp
{
−1
2(x − µ)>Σ−1(x − µ)

}
IRk (x), (2)

Magalhães, TM (ICE-UFJF) Multivariate distributions September 25, 2026 17 / 40



Multivariate normal distribution

Let X = (X1,X2, . . . ,Xk)> be a continuous random vector. We say that X

has a multidimensional (multivariate) normal distribution if its joint PDF is

given by the following expression

f (x) = 1√
(2π)k |Σ|

exp
{
−1
2(x − µ)>Σ−1(x − µ)

}
IRk (x), (2)

Magalhães, TM (ICE-UFJF) Multivariate distributions September 25, 2026 17 / 40



Multivariate normal distribution

where µ = (µ1, µ2, . . . , µk)> ∈ Rk is the vector of means, Σ ∈ Rk×k is

the covariance matrix (a positive definite matrix), of dimension k × k

and

|Σ| is the determinant of Σ. Alternatively, we denote

X ∼ Nk(µ,Σ). (3)
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Multivariate normal distribution

Let t = (t1, t2, . . . , tk)> ∈ Rk , the moment-generating function of X is

given by

M(t) = E(et>X) = exp
{

µ>t + 1
2t>Σt

}
.
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Multivariate normal distribution

Remark

The quantity
√

(x − µ)>Σ−1(x − µ) is known as the Mahalanobis dis-

tance (Mahalanobis, 1936).
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Multivariate normal distribution

The bivariate normal, given in (1), can be written in the form presented in

(2), it is enough to define

µ =

 µ1

µ2

 , Σ =

 σ2
1 ρσ1σ2

ρσ1σ2 σ2
2

 .
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Multivariate normal distribution

Examples:

1 µ1 = 0, µ2 = 0, σ2
1 = 1, σ2

2 = 1 and ρ = 0;

2 µ1 = 1, µ2 = 1, σ2
1 = 1, σ2

2 = 1 and ρ = 0;

3 µ1 = 0, µ2 = 0, σ2
1 = 2, σ2

2 = 2 and ρ = 0;

4 µ1 = 0, µ2 = 0, σ2
1 = 2, σ2

2 = 2 and ρ = 0,45.
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(b) Example 2.

Figure 1: Contour plot of bivariate normal distributions.
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Figure 2: Contour plot of bivariate normal distributions.
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Multivariate normal distribution

Let Z = (Z1,Z2, . . . ,Zn)>, such that Zi ∼ N(0, 1), i = 1, 2, . . . , n, µ =

(µ1, µ2, . . . , µm)> ∈ Rm and a matrix A, of dimension m×n. The condition

for X = (X1,X2, . . . ,Xm)> to have a multivariate normal distribution is the

following:

X ∼ Nm(µ,Σ)⇔ X d= AZ + µ, (4)

where Σ = AA>. Equation (4) expressed as a system of linear equations

can be found in Ross (2010, p. 432).
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Multivariate normal distribution

Let X be a vector with a multivariate normal distribution, as given in (3),

and let a = (a1, a2, . . . , ak)> ∈ Rk be a vector of constants. Now, let a RV

be defined as follows:

Y = a>X = a1X1 + a2X2 + · · ·+ akXk .

Then, Y has a univariate normal distribution with mean µY = a>µ and

σ2
Y = a>Σa, i.e., a linear combination of normal distributions has a normal

distribution.
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Outline

1 Multinomial distribution

2 Multivariate normal distribution

3 Wishart distribution

4 Dirichlet distribution

5 References
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Wishart distribution

Let X1,X2, . . . ,Xn be independent random vectors, p × 1, such that

Xi ∼ Np(0,Σ),

i = 1, 2, . . . , n. Also, let

X = (X1,X2, . . . ,Xn) ,

be a random matrix, of dimension p × n.
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Wishart distribution

The random matrix, of dimension p × p, constructed as follows,

M = XX> =
n∑

i=1
XiX>i ,

has a Wishart distribution, with n degrees of freedom and covariance matrix

Σ. Notation: M ∼ Wp(n,Σ).
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Wishart distribution

If M ∼ Wp(n,Σ), its joint PDF is given by the following expression

f (M) = 1
2np/2Γp

(n
2
)
|Σ|n/2 |M|

(n−p−1)/2 exp
{
−1
2tr

[
Σ−1M

]}
I
R

p×p
+

(M),

where tr [·] is the trace operator and Γp (·) is the multivariate gamma func-

tion.
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Wishart distribution

Remarks:

1 if Σ = Ip,

the distribution of M is called the standard Wishart distri-

bution;

2 the Wishart distribution is the multivariate extension of the chi-square

distribution;

3 if M ∼ W1(n, σ2), then M/σ2 ∼ χ2
n.
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Dirichlet distribution

We can assume that the random vector X = (X1,X2, . . . ,XD)> follows a

Dirichlet distribution (Olkin and Rubin, 1964) with parameter vector λ =

(λ1, λ2, . . . , λD)>, λj > 0, j = 1, 2, . . . ,D, with D ≥ 2,

if its joint PDF can

be written as

f (x,λ) =
Γ
(∑D

j=1 λj
)

∏D
j=1 Γ (λj)

D∏
j=1

xλj−1
j I(0,1)(x1 + x2 + · · ·+ xD), (5)

where Γ(·) is the gamma function, that is, Γ(λ) =
∫∞

0 vλ−1e−v dv .
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j=1 Γ (λj)

D∏
j=1

xλj−1
j I(0,1)(x1 + x2 + · · ·+ xD), (5)

where Γ(·) is the gamma function, that is, Γ(λ) =
∫∞

0 vλ−1e−v dv .
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Dirichlet distribution

The Dirichlet distribution is the generalization of the beta distribution.

Moreover, if X ∼ Dirichlet(λ),

we have

E(Xj) = λj∑D
`=1 λ`

, j = 1, 2, . . . ,D.

Other properties can be found in Pereira and Stern (2008).
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Dirichlet distribution

Examples:

1 λ1 = 1,5, λ2 = 1,5 and λ3 = 1,5;

2 λ1 = 2, λ2 = 2 and λ3 = 2;

3 λ1 = 2, λ2 = 4 and λ3 = 8;

4 λ1 = 8, λ2 = 4 and λ3 = 2.
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(a) Example 1.
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(b) Example 2.

Figure 3: Contour plot of three-dimensional Dirichlet distributions.
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(b) Example 4.

Figure 4: Contour plot of three-dimensional Dirichlet distributions.
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Dirichlet distribution

An advantage of assuming a Dirichlet distribution is that it can be simu-

lated from a gamma distribution, as demonstrated by Devroye (1986).

The

simulation algorithm is as follows:

1 Set λ = (λ1, . . . , λD)>;

2 Simulate D values of yj ∼ Gamma(λj , 1), with shape parameter λj

and rate parameter 1, for j = 1, . . . ,D;

3 Compute xj = yj∑D
j=1 yj

, with j = 1, . . . ,D.
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Outline

1 Multinomial distribution

2 Multivariate normal distribution

3 Wishart distribution

4 Dirichlet distribution

5 References
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