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Multinomial experiment

A multinomial experiment has 3 characteristics:
@ an experiment with n independent repetitions;
@ each repetition admits k outcomes: A;, Ay, ..., Ax, mutually exclusive;

@ the probability, p; = IP(A;), of occurrence of each possible outcome A;, i =
1,2,.... k
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Multinomial experiment

A multinomial experiment has 3 characteristics:
@ an experiment with n independent repetitions;
@ each repetition admits k outcomes: A;, Ay, ..., Ax, mutually exclusive;

@ the probability, p; = IP(A;), of occurrence of each possible outcome A;, i =

1,2,...,k, does not change in each repetition.
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Multinomial experiment

A multinomial experiment has 3 characteristics:
@ an experiment with n independent repetitions;
@ each repetition admits k outcomes: A;, Ay, ..., Ax, mutually exclusive;

@ the probability, p; = IP(A;), of occurrence of each possible outcome A;, i =

1,2,...,k, does not change in each repetition. Note that Zﬁ;l pi=1.
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Let the multidimensional discrete random variable (DRV)

X = (X17X27 s )Xk)Ty

where X;: is the number of times that A; occurs
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Multinomial distribution

Let the multidimensional discrete random variable (DRV)
X = (X17X27 B Xk)Ty

where X;: is the number of times that A; occurs in the n repetitions of

a multinomial experiment,
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Multinomial distribution

Let the multidimensional discrete random variable (DRV)
X = (X17X27 B Xk)Ty

where X;: is the number of times that A; occurs in the n repetitions of

a multinomial experiment, with probability of A; occurring equal to p;,

i=1,2,..., k.
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The X; are not independent DRVs,




The X; are not independent DRVs, since Zf‘zl Xi = n.




The X; are not independent DRVs, since Y5, X; = n. Consequently as
soon as the values of any (k — 1) of these DRVs are known, the value of

the kth one is determined.




Multinomial distribution

Remark
The X; are not independent DRVs, since Zf‘zl X; = n. Consequently, as

soon as the values of any (k — 1) of these DRVs are known, the value of

the kth one is determined.
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Thus, the DRV X has a multinomial distribution, with parameters n and

P = (P17P27 o 7pk)Ty




Thus, the DRV X has a multinomial distribution, with parameters n and

p=(p1,p2,. .., pk) ", 2lternatively,

X ~ multinomial(n, p) or X ~ multinom(n, p).




Multinomial distribution

Thus, the DRV X has a multinomial distribution, with parameters n and

p=(p1,p2,...,pk) ", alternatively,

X ~ multinomial(n, p) or X ~ multinom(n, p).
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Multinomial distribution

The probability function of a multidimensional discrete random variable X ~

multinomial(n, p) is given by:
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Multinomial distribution

The probability function of a multidimensional discrete random variable X ~

multinomial(n, p) is given by:

n! X1 X X
p(x1, X2, -, Xk) = mPfPf Ry H{n}(Xl +x0+ -+ X)),
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Multinomial distribution

The probability function of a multidimensional discrete random variable X ~

multinomial(n, p) is given by:

n!

_ X1 X2 Xk
p(x1, X2, -, Xk) = X1!X2!...Xk!p1 by .- Py H{n}(X1+X2+ + Xk,

where p; € (0,1), i =1,2,... k.
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The expectation and variance of a multidimensional multinomial DRV X

are given, respectively, by () [0 ) 100 0] and

Var(Xl) COV(Xl, X2) o COV(Xl, Xk)
Cov(Xp, X Var(X: <o Cov(Xp, X
Var(X) = ( -2 1) ( 2) ( .2 k) 7
i COV(Xk, Xl) COV(Xk, Xg) o Var(Xk) |




Multinomial distribution

The expectation and variance of a multidimensional multinomial DRV X

are given, respectively, by B(X) = [E(X1), E(X2), ..., E(X,)]" and

Var(Xl) COV(Xl, X2) cee COV(Xl, Xk)
Cov(Xp, X Var(X <o Cov(Xz, X
Var(X) = ( .2 1) ( 2) ( .2 k) 7
COV(Xk,Xl) COV(Xk,Xg) cee Var(Xk)

::ufjf
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where

o E(X;) = np;,




where

Qo E(X,) = np;j,

@ Var(X;) = np;i(1 — pi),
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Multinomial distribution

where
o E(X;) = npi,
o Var(X;) = npi(1 — pi),
o Cov(Xi, Xj) = —npip;, for i # j,

with i,j = 1,2,..., k. In general, that is, in matrix form, we can write
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Multinomial distribution

where

o E(Xi) = npi,

o Var(X;) = npi(1 — pj),

o Cov(Xj, Xj) = —npipj, for i # j,
with i,j = 1,2,..., k. In general, that is, in matrix form, we can write

E(X) = np and Var(X) = n {diag(p) — ppT},

~ufjf
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Multinomial distribution

where

o E(Xi) = npi,

o Var(X;) = npi(1 — pj),

o Cov(Xj, Xj) = —npipj, for i # j,
with i,j = 1,2,..., k. In general, that is, in matrix form, we can write
E(X) = np and Var(X) =n {diag(p) — ppT}, where diag(p) is a diagonal

matrix, with the main diagonal equal to p.

~ufjf

Magalh3es, TM (ICE-UFJF) Multivariate distributions September 25, 2026 10/ 40



Let t = (t1,t2,...,t)" € RK, the moment-generating function of X is

given by




Let t = (t1,t2,...,t) € RK, the moment-generating function of X is

given by

k n
M(t) — E(eth) =K (ethl+t2X2+m+thk) = (Z Pieti> .
i=1




Multinomial distribution

Let t = (t1,t2,...,t)" € RX, the moment-generating function of X is

given by

k n
M(t) = E(eth) =K (ethl+t2X2+m+thk> = <Z Pieti> .
i=1
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Examples:

@ In 10 rolls of a die,
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Examples:
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Multinomial distribution

Examples:

o In 10 rolls of a die, the interest is in counting the number of occurrences

of each of the 6 faces;

o In a database with 1,500 customers, the interest is in counting how

many of them would have a loan application
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Multinomial distribution

Examples:

o In 10 rolls of a die, the interest is in counting the number of occurrences

of each of the 6 faces;
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Multinomial distribution

Examples:

o In 10 rolls of a die, the interest is in counting the number of occurrences

of each of the 6 faces;
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Multinomial distribution

Examples:

o In 10 rolls of a die, the interest is in counting the number of occurrences
of each of the 6 faces;
o In a database with 1,500 customers, the interest is in counting how

many of them would have a loan application approved in full, for 50

o Hardy-Weinberg equilibrium (Hardy, 1908; Weinberg, 1908).
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Bivariate normal distribution

Let (X1,X2)" be a two-dimensional continuous random variable (CRV),

taking all values in the Euclidean plane.
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Bivariate normal distribution

Let (X1,X2)" be a two-dimensional continuous random variable (CRV),
taking all values in the Euclidean plane. We say that (X1, X2)" has a
bivariate normal distribution if its joint probability density function (PDF)
is given by the following expression
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Bivariate normal distribution

Let (X1,X2)" be a two-dimensional continuous random variable (CRV),
taking all values in the Euclidean plane. We say that (X1, X2)" has a
bivariate normal distribution if its joint probability density function (PDF)

is given by the following expression

1

2no1024/1 — p?

o et f(e5) et (]

X ]IR(Xl) ]IIR(XQ),

f(X17X2) = (1)

Magalhdes, TM (ICE-UFJF) Multivariate distributions September 25, 2026 14 /40



Bivariate normal distribution

Let (X1,X2)" be a two-dimensional continuous random variable (CRV),
taking all values in the Euclidean plane. We say that (X1, X2)" has a
bivariate normal distribution if its joint probability density function (PDF)

is given by the following expression

1

2no1024/1 — p?

o et f(e5) et (]

X ]IR(Xl) ]IIR(XQ),

f(X17X2) = (1)

where i1 €R, 2 € R, 02 € R+, 03 € R+ and p € (—1,1).
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Properties.

@ The parameter p will be the correlation coefficient between Xj and X»;
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Bivariate normal distribution

Properties.
o The parameter p will be the correlation coefficient between Xj and X5;

o The marginal distributions are, respectively,

Xy ~ N(p1,0%), Xo ~ N(p2,03);
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Bivariate normal distribution

Properties.
o The parameter p will be the correlation coefficient between Xj and X5;

o The marginal distributions are, respectively,
Xy~ N(p1,07), Xo ~ N(piz, 03);

o The conditional distributions are, respectively,
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Bivariate normal distribution

Properties.
o The parameter p will be the correlation coefficient between Xj and X5;

o The marginal distributions are, respectively,
X1 ~ N(p1,0%), X ~ N(p2, 3);
o The conditional distributions are, respectively,

g
X31Xe = x2 ~ N 11+ 92 0 = pa), o1 = )

g
Xo| X1 =x1 ~N {Mz +p(f(X1 — 1), 03(1 — PZ)} :
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Remarks.

@ |t is possible to have a joint PDF that is not bivariate normal,
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the marginal PDFs of X and X3 are univariate normal;
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o It is possible to have a joint PDF that is not bivariate normal, and yet

the marginal PDFs of X and X3 are univariate normal;

Magalh3es, TM (ICE-UFJF) Multivariate distributions September 25, 2026 16 / 40



Bivariate normal distribution

Remarks.

o It is possible to have a joint PDF that is not bivariate normal, and yet

the marginal PDFs of X and X3 are univariate normal;

o Ifp=0,
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Bivariate normal distribution

Remarks.
o It is possible to have a joint PDF that is not bivariate normal, and yet
the marginal PDFs of X and X3 are univariate normal;
o If p =0, the joint PDF of (X1, X2) " may be factored and, consequently,

X1 and X5 will be independent.

16 / 40
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Bivariate normal distribution

Remarks.
o It is possible to have a joint PDF that is not bivariate normal, and yet
the marginal PDFs of X and X3 are univariate normal;
o If p =0, the joint PDF of (X1, X2) " may be factored and, consequently,
X1 and X5 will be independent. Thus, we verify that in the case of a
bivariate normal distribution, zero correlation and independence are

equivalent.
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Let X = (X1, Xo,...,Xk)" be a continuous random vector. \\/c <oy that X

has a multidimensional (multivariate) normal distribution if its joint PDF is

given by the following expression




Multivariate normal distribution

Let X = (X1, Xa,...,Xk)" be a continuous random vector. We say that X

has a multidimensional (multivariate) normal distribution if its joint PDF is

given by the following expression
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Multivariate normal distribution

Let X = (X1, Xa,...,Xk)" be a continuous random vector. We say that X

has a multidimensional (multivariate) normal distribution if its joint PDF is

given by the following expression

1 1
f(x) = ———expl —=(x —p) =7 Hx — Igk(x), 2
(0= op {50 = I, (2

Magalh3es, TM (ICE-UFJF) Multivariate distributions September 25, 2026 17 /40



where g = (p1, po, ..., k)’ € R¥ is the vector of means, >~ 11/ " i

the covariance matrix (a positive definite matrix), of dimension k x k




Multivariate normal distribution

where g = (p1, po, ..., k)| € R¥ is the vector of means, & € R¥*K is

the covariance matrix (a positive definite matrix), of dimension k x k
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Multivariate normal distribution

where g = (p1, po, ..., k)| € R¥ is the vector of means, & € R¥*K is
the covariance matrix (a positive definite matrix), of dimension k x k and

|X| is the determinant of X.
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Multivariate normal distribution

where g = (p1, po, ..., k)| € R¥ is the vector of means, & € R¥*K is
the covariance matrix (a positive definite matrix), of dimension k x k and

|X| is the determinant of 3. Alternatively, we denote

X ~ Ni(p, ). (3)
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Let t = (t1,t2,...,t)" € RK, the moment-generating function of X is

given by




Let t = (t1,t2,...,t)" € RK, the moment-generating function of X is

given by

1
M(t) = E(etTX) = exp {uTt + 2tTEt} .




Multivariate normal distribution

Let t = (t1,t2,...,t)" € RX, the moment-generating function of X is

given by

1
M(t) = E(etTX) = exp {uTt + thZt} .
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The quantity \/(x — p)"E"1(x — p) is known as the Mahalanobis dis-
tance (Mahalanobis, 1936).




Multivariate normal distribution

Remark

The quantity \/(x — p)"E"1(x — p) is known as the Mahalanobis dis-
tance (Mahalanobis, 1936).
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The bivariate normal, given in (1), can be written in the form presented in

(2), it is enough to define

2
M1 01 pPoO102

2




Multivariate normal distribution

The bivariate normal, given in (1), can be written in the form presented in

(2), it is enough to define

2
141 o pPO102
IJ/ = N 2 = !

2
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Multivariate normal distribution

Examples:

@ m:O,,u2:0,0%:1,a§:13ndp20;
() /lel,,uzzl,a%zl,a%zlandpzo;
@ pu1 =0, p=0,0?=2,05=2and p=0;

@ u1:0,u2:0,J%z2,0§z2andp:0,45.
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% 0 % 0
< <
24 24
2 0 2 2 0 2
VA X VA X
(0.00,0.02] (0.04, 0.06] . (0.08,0.10] . (0.12,0.14] (0.00,0.02] (0.04, 0.06] . (0.08,0.10] . (0.12,0.14]
level level
(0.02, 0.04] (0.06, 0.08] . (0.10,0.12) . (0.14,0.16] (0.02, 0.04] (0.06, 0.08] . (0.10,0.12] . (0.14,0.16]
(a) Example 1. (b) Example 2.

Figure 1: Contour plot of bivariate normal distributions.
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% 0 % 0
< <
24 24
2 0 2 2 0 2
VA X VA X
(0.00,0.01] (0.02,0.03] . (0.04,0.05] . (0.06,0.07] (0.00,0.01] (0.02,0.03] . (0.04, 0.05] . (0.06,0.07] . 0.0
level level
(0.01,0.02] (0.0, 0.04] . (0.05, 0.06] . (0.07,0.08] (0.01,0.02] (0.03,0.04] . (0.05, 0.06] . (0.07,0.08]
(a) Example 3. (b) Example 4.

Figure 2: Contour plot of bivariate normal distributions.
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Multivariate normal distribution

Let Z = (Z1,2,...,2Z,)", such that Z; ~ N(0, 1), i = 1,2,...,n, p =

(g1, 12, - - pom) " € R™ and a matrix A, of dimension mx n.
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Multivariate normal distribution

Let Z = (Z1,2,...,2Z,)", such that Z; ~ N(0, 1), i = 1,2,...,n, p =
(g1, 12, - -, pbm) T € R™ and a matrix A, of dimension mx n. The condition

for X = (X1, X2,...,Xm)" to have a multivariate normal distribution is the

following:
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Multivariate normal distribution

Let Z = (Z1,2,...,2Z,)", such that Z; ~ N(0, 1), i = 1,2,...,n, p =
(g1, 12, - -, pbm) T € R™ and a matrix A, of dimension mx n. The condition
for X = (X1, X, . .. ,Xm)T to have a multivariate normal distribution is the

following:
X~ Np(p,2) & XL AZ + p, (4)

where ¥ = AAT.

~ufjf
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Multivariate normal distribution

Let Z = (Z1,2,...,2Z,)", such that Z; ~ N(0, 1), i = 1,2,...,n, p =
(g1, 12, - -, pbm) T € R™ and a matrix A, of dimension mx n. The condition
for X = (X1, X, . .. ,Xm)T to have a multivariate normal distribution is the

following:
X~ Np(p,2) & XL AZ + p, (4)

where 3 = AAT. Equation (4) expressed as a system of linear equations

can be found in Ross (2010, p. 432).

~ufjf
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Multivariate normal distribution

Let X be a vector with a multivariate normal distribution, as given in (3),

and let a = (a1, a2,...,ax) € R¥ be a vector of constants.
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Multivariate normal distribution

Let X be a vector with a multivariate normal distribution, as given in (3),

and let a = (a1,a,...,ak) | € RX be a vector of constants. Now, let a RV

be defined as follows:
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Multivariate normal distribution

Let X be a vector with a multivariate normal distribution, as given in (3),

and let a = (a1,a,...,ak) | € RX be a vector of constants. Now, let a RV

be defined as follows:

Y=a X= a1 Xy + aXo + -+ apX.
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Multivariate normal distribution

Let X be a vector with a multivariate normal distribution, as given in (3),

and let a = (a1,a,...,ak) | € RX be a vector of constants. Now, let a RV

be defined as follows:
Y=a X= a1 Xy + aXo + -+ apX.

Then, Y has a univariate normal distribution with mean puy = aTu and
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Multivariate normal distribution

Let X be a vector with a multivariate normal distribution, as given in (3),

and let a = (a1,a,...,ak) | € RX be a vector of constants. Now, let a RV

be defined as follows:
Y=a X= a1 Xy + aXo + -+ apX.

Then, Y has a univariate normal distribution with mean puy = aTu and

0% = a'Xa, i.e, a linear combination of normal distributions has a normal

distribution.
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1) Multinomial distribution

2) Multivariate normal distribution
(@ Wishart distribution
4) Dirichlet distribution
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Let X1, Xo, ..., X, be independent random vectors, p x 1, such that

X; ~ N,(0,%),

i=1,2,...,n Also, let

X = (X1, Xa,...,Xn),




Wishart distribution

Let X1, Xo, ..., X, be independent random vectors, p x 1, such that
Xi ~Np(0,%),

i=1,2,...,n. Also, let

X = (X1, X2,...,Xn),
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Wishart distribution

Let X1, Xo, ..., X, be independent random vectors, p x 1, such that
Xi ~Np(0,%),
i=1,2,...,n. Also, let
X = (X1, X2,...,Xn),

be a random matrix, of dimension p x n.
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The random matrix, of dimension p x p, constructed as follows,

n
M=XX"=>" XX,
i=1




The random matrix, of dimension p x p, constructed as follows,

n
M=XX"T=>" XX,
i=1

has a Wishart distribution, with n degrees of freedom and covariance matrix

3.




Wishart distribution

The random matrix, of dimension p x p, constructed as follows,
n
M=XX"T=>" XX,
i=1

has a Wishart distribution, with n degrees of freedom and covariance matrix

3.
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Wishart distribution

The random matrix, of dimension p x p, constructed as follows,
n
M=XX"T=>" XX,
i=1

has a Wishart distribution, with n degrees of freedom and covariance matrix

3. Notation: M ~ W,(n, X).
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If M ~ Wp(n,X), its joint PDF is given by the following expression

1

f(M) =
M= g, T

(M)7

1
(n—p—1)/2 1
n/le\ exp{ 2tr [2 M}}]I

pxp
R




Wishart distribution

If M ~ Wp(n,3), its joint PDF is given by the following expression

1
2w, (3) |3

1
f(M) S IMICP D 2 e {_2tr [271,\,,} } Tgpes (M),

:.ufjf
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Wishart distribution

If M ~ Wp(n,3), its joint PDF is given by the following expression

1

F(M) =
M) = gorer, gy =i

(M)7

1
(n—p—1)/2 = 1
2]M\ exp{ 2tr [2 M}}]I

pxp
R

where tr[-] is the trace operator and [, (-) is the multivariate gamma func-

tion.

~ufjf
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Remarks:

@iy —1,
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@ if X = I, the distribution of M is called the standard Wishart distri-
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Wishart distribution

Remarks:

@ if 3 = I, the distribution of M is called the standard Wishart distri-

bution;

@ the Wishart distribution is the multivariate extension of the chi-square

distribution;

@
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Wishart distribution

Remarks:
@ if 3 = I, the distribution of M is called the standard Wishart distri-
bution;
@ the Wishart distribution is the multivariate extension of the chi-square
distribution;

@ if M ~ Wy(n,o?),
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Wishart distribution

Remarks:
@ if 3 = I, the distribution of M is called the standard Wishart distri-
bution;
@ the Wishart distribution is the multivariate extension of the chi-square
distribution;

@ if M ~ Wy(n,o?), then M/o? ~ x2.
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1) Multinomial distribution

2) Multivariate normal distribution
3) Wishart distribution
(@ Dirichlet distribution

5) References




Dirichlet distribution

We can assume that the random vector X = (X1, Xy, . .. ,XD)T follows a

Dirichlet distribution (Olkin and Rubin, 1964)
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Dirichlet distribution

We can assume that the random vector X = (X1, Xy, . .. ,XD)T follows a
Dirichlet distribution (Olkin and Rubin, 1964) with parameter vector A =

(A, A2,..,Ap)T, A\ >0,j=1,2,...,D, with D > 2,
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Dirichlet distribution

We can assume that the random vector X = (X1, Xy, . .. ,XD)T follows a
Dirichlet distribution (Olkin and Rubin, 1964) with parameter vector A =
(A1, A2,..,Ap)T, A\ >0,j=1,2,...,D, with D > 2, if its joint PDF can

be written as

D
N = o T a4t (9
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Dirichlet distribution

We can assume that the random vector X = (X1, Xy, . .. ,XD)T follows a
Dirichlet distribution (Olkin and Rubin, 1964) with parameter vector A =
(A1, A2,..,Ap)T, A\ >0,j=1,2,...,D, with D > 2, if its joint PDF can

be written as

D
N = o T a4t (9

where I'(+) is the gamma function, that is, [(\) = [;° v e Vdv.
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The Dirichlet distribution is the generalization of the beta distribution.

Moreover, if X ~ Dirichlet(A),




Dirichlet distribution

The Dirichlet distribution is the generalization of the beta distribution.

Moreover, if X ~ Dirichlet(A),
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Dirichlet distribution

The Dirichlet distribution is the generalization of the beta distribution.

Moreover, if X ~ Dirichlet(A), we have
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Dirichlet distribution

The Dirichlet distribution is the generalization of the beta distribution.

Moreover, if X ~ Dirichlet(A), we have

;i
B(X))=—21—, j=1,2,...,D.
(J) 2521)\4 J
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Dirichlet distribution

The Dirichlet distribution is the generalization of the beta distribution.

Moreover, if X ~ Dirichlet(A), we have

;i
B(X))=—21—, j=1,2,...,D.
(J) 2521)\4 J

Other properties can be found in Pereira and Stern (2008).
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Examples:

@ )\1 :1,5, )\2:1,5 and )\3:1,5;
o )\1:2, >\2:23nd)\3:2;
0 )\122, )\2:4and>\3:8;

O)\1=8,)\2=4and>\3=2.
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(a) Example 1.
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(b) Example 2.

Figure 3: Contour plot of three-dimensional Dirichlet distributions.
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(b) Example 4.

Figure 4: Contour plot of three-dimensional Dirichlet distributions.
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Dirichlet distribution

An advantage of assuming a Dirichlet distribution is that it can be simu-

lated from a gamma distribution,
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Dirichlet distribution

An advantage of assuming a Dirichlet distribution is that it can be simu-

lated from a gamma distribution, as demonstrated by Devroye (1986).
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Dirichlet distribution

An advantage of assuming a Dirichlet distribution is that it can be simu-

lated from a gamma distribution, as demonstrated by Devroye (1986). The

simulation algorithm is as follows:
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Dirichlet distribution

An advantage of assuming a Dirichlet distribution is that it can be simu-

lated from a gamma distribution, as demonstrated by Devroye (1986). The

simulation algorithm is as follows:
@ Set A= (\1,...,Ap)";

@
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Dirichlet distribution

An advantage of assuming a Dirichlet distribution is that it can be simu-

lated from a gamma distribution, as demonstrated by Devroye (1986). The

simulation algorithm is as follows:
@ Set A= (\1,...,Ap)";
@ Simulate D values of y; ~ Gamma(\j, 1), with shape parameter );
and rate parameter 1, for j =1,...,D;

@
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Dirichlet distribution

An advantage of assuming a Dirichlet distribution is that it can be simu-
lated from a gamma distribution, as demonstrated by Devroye (1986). The
simulation algorithm is as follows:

@ Set A= (1,..., )T

@ Simulate D values of y; ~ Gamma(\j, 1), with shape parameter );

and rate parameter 1, for j =1,...,D;

@ Compute x; = —#—, with j=1,...,D.
/ ZJD:1yJ J
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Thank you!
X tiago.magalhaesQufjf.br
‘i uf jf.br/tiago_magalhaes

# Department of Statistics, Room 319
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