
Generating functions

Tiago M. Magalhães

Department of Statistics - ICE-UFJF

Juiz de Fora, September 23, 2026

Magalhães, TM (ICE-UFJF) Generating functions September 23, 2026 1 / 23



Outline

1 Generating Functions

2 Multidimensional Moment Generating Function

3 Bibliography

Magalhães, TM (ICE-UFJF) Generating functions September 23, 2026 2 / 23



Outline

1 Generating Functions

2 Multidimensional Moment Generating Function

3 Bibliography

Magalhães, TM (ICE-UFJF) Generating functions September 23, 2026 3 / 23



Probability Generating Function

The probability generating function (PGF) of the discrete random variable

(RV) X , taking values in {0, 1, 2, . . .}, PX (t), is defined by

PX (t) = E
[
tX
]

=
+∞∑

x=−∞
txpX (x),

for t ∈ R.
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Moment Generating Function

The moment generating function (MGF) of the RV X , MX (t), is defined by

MX (t) = E
[
etX
]

=



+∞∑
x=−∞

etxpX (x), discrete case,

∫ +∞

−∞
etx fX (x) dx , continuous case,

for those t ∈ R for which the expectation is finite.
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Characteristic Function

The PGF and MGF are very useful tools. However, they do not always exist.

Therefore, it is interesting to obtain a function that always exists.
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Characteristic Function

A complex RV X can be written as:

X = X a + iXb,

where i =
√
−1, and X a and Xb are real RVs.
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Characteristic Function

Let X be a real-valued RV. The characteristic function of X , ϕX (t), is

defined by

ϕX (t) = E
[
eitX

]
= E [cos(tX )] + iE [sin(tX )] ,

for t ∈ R and i =
√
−1.
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Characteristic Function

Let X be any RV and let ϕX denote its characteristic function. Then:

1 ϕX (0) = 1;

2 |ϕX (t)| ≤ 1;

3 For constants a and b, ϕaX+b(t) = eitbϕX (at);

4 If the RVs X and Y are independent, then ϕX+Y (t) = ϕX (t)×ϕY (t);

5 ϕX (t) is uniformly continuous;

6 ϕX (t) also generates moments.
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Generating Functions

Let X be an RV. When the MGF admits the corresponding complex exten-

sion, we have the following relationship:

MX (t) = PX (et), if X is a discrete RV;

ϕX (t) = MX (it).
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Cumulant Generating Function

The cumulant generating function (CGF) of the RV X , KX (t), is defined by

KX (t) = logMX (t),

for those t ∈ R for which MX (t) is finite. When the corresponding complex

extension is well-defined, the CGF can be defined as

KX (t) = logϕX (t),

for t ∈ R.
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Multidimensional Moment Generating Function

The joint MGF of the two-dimensional RV (X ,Y )>, M(t1, t2), is defined

for all real values t1 and t2 by

M(t1, t2) = E
[
et1X+t2Y

]
(1)

=



+∞∑
x=−∞

+∞∑
y=−∞

et1x+t2yp(x , y), discrete case,

∫ +∞

−∞

∫ +∞

−∞
et1x+t2y f (x , y)dxdy , continuous case.

If the joint MGF exists in a neighborhood of (0, 0), it uniquely determines

the joint distribution of (X ,Y )>.
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Moment Generating Function

From the joint MGF in (1), we have

∂r+sM(t1, t2)
∂tr

1∂ts
2

∣∣∣∣∣
t1=0,t2=0

= E (X rY s) ,

whenever the corresponding moments exist.
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Moment Generating Function

For example, r = s = 1,

∂2M(t1, t2)
∂t1∂t2

∣∣∣∣∣
t1=0,t2=0

= E (XY ) .
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Moment Generating Function

If r = 1 and s = 0,

∂M(t1, t2)
∂t1

∣∣∣∣
t1=0,t2=0

= E (X ) .

If r = 0 and s = 1,

∂M(t1, t2)
∂t2

∣∣∣∣
t1=0,t2=0

= E (Y ) .

Magalhães, TM (ICE-UFJF) Generating functions September 23, 2026 16 / 23



Moment Generating Function

If r = 1 and s = 0,

∂M(t1, t2)
∂t1

∣∣∣∣
t1=0,t2=0

= E (X ) .

If r = 0 and s = 1,

∂M(t1, t2)
∂t2

∣∣∣∣
t1=0,t2=0

= E (Y ) .

Magalhães, TM (ICE-UFJF) Generating functions September 23, 2026 16 / 23



Moment Generating Function

From (1), we can obtain the marginal MGFs as follows

MX (t) = E
[
etX
]

= M(t, 0),

MY (t) = E
[
etY

]
= M(0, t).
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Moment Generating Function

If X and Y are independent RVs, then the MGF in (1) can be written as

follows

M(t1, t2) = MX (t1)×MY (t2).
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Moment Generating Function

In general, the joint MGF of the multidimensional RV (X1,X2, . . . ,Xn)>,

M(t1, t2, . . . , tn), is defined by

M(t1, t2, . . . , tn) = E
[
et1X1+t2X2+···+tnXn

]
.
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Moment Generating Function

Example. Let X ∼ N(µ1, σ
2
1) and Y ∼ N(µ2, σ

2
2) be independent RVs.

1 What are the MGFs of X and Y , respectively? (No proof is required).

2 What is the joint MGF of the two-dimensional RV (X ,Y )>?

3 From the joint MGF, find E(X ), E(Y ), E(XY );

4 Calculate Cov(X ,Y ).
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Thank you!
B tiago.magalhaes@ufjf.br

Í ufjf.br/tiago_magalhaes

m Department of Statistics, Room 319
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