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Marginal probability distributions

For each bivariate random variable (X, Y)", we associate two univariate

random variables, namely X and Y, individually.
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Marginal probability distributions

For each bivariate random variable (X, Y)", we associate two univariate

random variables, namely X and Y, individually.

That is, we may be interested in the probability distribution of X or in the

probability distribution of Y.
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Discrete case. “ince the cvent [0 — wp s the union of the mutually

exclusive events {X = x, Y = y} over all possible values of y,




Marginal probability distributions

Discrete case. Since the event {X = x} is the union of the mutually

exclusive events {X = x, Y = y} over all possible values of y,
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Marginal probability distributions

Discrete case. Since the event {X = x} is the union of the mutually

exclusive events {X = x, Y = y} over all possible values of y, we have

+o0o
px(x) =P(X =x)= > p(x,y).

y=—00
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Marginal probability distributions

The function px, defined for all possible values of X, is called the marginal

probability distribution of X.
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Marginal probability distributions

The function px, defined for all possible values of X, is called the marginal
probability distribution of X. Analogously, the function py, defined for

all possible values of Y/, is called the marginal probability distribution of

Y, where
+oo
py()=P(Y =y)= > p(x.y)
X=—00
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Continuous case. | =t 7 be the joint PDE of the bivariate random variable

(X, Y)7.




Marginal probability distributions

Continuous case. Let f be the joint PDF of the bivariate random variable

(X, Y)7.
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Marginal probability distributions

Continuous case. Let f be the joint PDF of the bivariate random variable

(X,Y)T. We define fx and fy as the marginal probability density func-

tions of X and Y/, respectively,
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Marginal probability distributions

Continuous case. Let f be the joint PDF of the bivariate random variable

(X,Y)T. We define fx and fy as the marginal probability density func-
tions of X and Y, respectively, by:

)= [ fond )= [ fode ()

—00 —0o0
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Marginal probability distributions

The PDFs in (1) correspond to the basic PDFs of the univariate random

variables X and Y, respectively.
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Marginal probability distributions

The PDFs in (1) correspond to the basic PDFs of the univariate random

variables X and Y/, respectively. For example,

Plc<X<d)=P(c<X<d, —0<Y <+x)

d p+oo
L

= /Cd fx(x)dx.
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Example 1. Two characteristics of rocket engine performance are thrust

X and mixture ratio Y.




Example 1. Two characteristics of rocket engine performance are thrust

X and mixture ratio Y. Suppose that (X0V ) s o continuous bivariate

random variable with joint PDF

f(x,y) = 2(x +y — 2xy) I 1)(x) I 17 (¥)-




Examples

Example 1. Two characteristics of rocket engine performance are thrust
X and mixture ratio Y. Suppose that (X, Y)' is a continuous bivariate

random variable with joint PDF

f(x,y) = 2(x +y — 2xy) o 1(x) I 10,13 (¥)-
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Examples

Example 1. Two characteristics of rocket engine performance are thrust
X and mixture ratio Y. Suppose that (X, Y)' is a continuous bivariate

random variable with joint PDF

f(x,y) = 2(x +y — 2xy) o 1(x) I 10,13 (¥)-

Find the marginal distributions of the random variables X and Y.
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Let X and Y be two random variables on (2, F,P) and A and B be two

events, we define the conditional distribution of X given Y as




Conditional probability

Let X and Y be two random variables on (2, 7,IP) and A and B be two

events, we define the conditional distribution of X given Y as
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Conditional probability

Let X and Y be two random variables on (2, 7,IP) and A and B be two

events, we define the conditional distribution of X given Y as

P({X € A}n{Y € B})

P({X € A}{Y € B}) = P({Y € B})

::ufjf
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Conditional probability

Let X and Y be two random variables on (2, 7,IP) and A and B be two

events, we define the conditional distribution of X given Y as

P({X € A}n{Y € B})

P({X € A}{Y € B}) = P({Y € B})

Note that P({Y € B}) # 0, since {Y € B} has already occurred.

:.ufjf
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Discrete case. It is then natural to define the conditional probability dis-

tribution of X = x given Y =y as




Conditional probability distributions

Discrete case. It is then natural to define the conditional probability dis-

tribution of X = x given Y =y as
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Conditional probability distributions

Discrete case. It is then natural to define the conditional probability dis-

tribution of X = x given Y =y as

pxiy(xly) = P(X =x|Y =y)
B P(X=x,Y =y)
P(Y =y)
p(x,y)
py(y)

)

for all values of y such that py(y) > 0.
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Similarly, the conditional CDF of X given Y = y is defined by

Fxiy(aly) =P(X < alY =y)

= > pxiy(xly),

X=—00

for all values of y such that py(y) > 0.




Conditional probability distributions

Similarly, the conditional CDF of X given Y = y is defined by
Fxy(aly) =P(X < alY =y)

= > pxpy(xly),

X=—00

for all values of y such that py(y) > 0.
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Continuous case. | (. V) = o bivarate random varable with joint POE

f(x, ),




Conditional probability distributions

Continuous case. If (X, Y)" is a bivariate random variable with joint PDF

f(x, ),
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Conditional probability distributions

Continuous case. If (X, Y)" is a bivariate random variable with joint PDF
f(x,y), then the conditional PDF of X given Y = y is defined, for all values
of y such that fy(y) > 0, by
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Conditional probability distributions

Continuous case. If (X, Y)" is a bivariate random variable with joint PDF
f(x,y), then the conditional PDF of X given Y = y is defined, for all values
of y such that fy(y) > 0, by

f(x,y)
fr(y) 2)

fxy (xly) =

:.ufjf
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From (2), for any set A, we have

P(X € AlY =)= [ fy(xly)ds.




From (2), for any set A, we have

P(X € AlY =) = [ figy(xly)o.




In particular, if A= (—o00,a), we can define the conditional COE of X given

Y =y by

a

Fxiy(aly) =P(X <alY =y) = / fx|v (x|y)dx.

—00




Conditional probability distributions

In particular, if A= (—o0, a), we can define the conditional CDF of X given
Y =y by
a

Fxiy(aly) = P(X < a]Y = y) :/ fy (x]y) dx.

—00
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Note that,

p(x,y) = px(x) X py|x(y|x)

= py(¥) % px)y(xly),

for the discrete case.




Note that,

p(x,y) = px(x) x py|x(y|x)

= py(y) x PX|Y(X|Y)a

for the discrete case. ~or the continuous case,

F(xy) = fx(x) x fyix(y[x)

= fy(y) x fX\Y(X‘Y)'




Observation

Note that,

p(x,y) = px(x) X py|x(y|x)

= py(¥) % px)v(xly),

for the discrete case. For the continuous case,

f(x,y) = fx(x) x fy|x(y|x)

= fy(y) X fX\Y(X‘Y)'
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Example 2. [ <t (V) be o bivarate random varable




Example 2. Let (X, Y)" be a bivariate random variable <ich that

F(x,y) = ¢ (x® = ¥?) € T(g.0) (X) I ) (¥)-




Example 2. Let (X, Y)' be a bivariate random variable such that

F(x,y) = ¢ (3 = ¥?) € T(g,00) (X) I ) (¥)-

@ Find the value of c.

@ Find the conditional distribution of Y given X = x.




Examples

Example 2. Let (X, Y)' be a bivariate random variable such that
F(x,y) = ¢ (3 = ¥?) € T(g,00) (X) I ) (¥)-

@ Find the value of c.

@ Find the conditional distribution of Y given X = x.
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Example 3. [0 (0 V) be o bivarate random varable




Example 3. Let (X, Y)T be a bivariate random variable <ich that

f(x,y) = xexp{—x(y + 1)} T(0,00)(x) L(0,00)(¥)-




Example 3. Let (X, Y)' be a bivariate random variable such that

f(x,y) = xexp {=x(y + 1)} T(0,00)(x) L(0,00) (¥)-
Find the conditional PDF of:
@ X|Y =y,

@ Y|X =x.




Examples

Example 3. Let (X, Y)' be a bivariate random variable such that

f(x,y) = xexp {—x(y + 1)} T(0,00)(x) L(0,00)(¥)-
Find the conditional PDF of:
@ XY=y,

@ Y|X=x.

:.ufjf
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Marginal and conditional probability distributions

Observation
Marginal or conditional PMFs and PDFs do not always have a closed-form

expression.
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Marginal and conditional probability distributions

Example 4. Let Y|X = x ~ Rayleigh(x) and X ~ log-normal(y,?),

where 11 > 0 and 02 > 0. That is,

1 2
fyix(ylx) = é exp {—2 (i) }]I(O,oo)(y)a

og X — 2
9= oo {3 () Jro)

Obtain the marginal PDF of Y.
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Marginal and conditional probability distributions

The joint PDF of (X, Y)T is given by

f(x,y) = fyix(ylx) x fx(x)

koo () () oot

::ufjf
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Marginal and conditional probability distributions

The marginal PDF of Y is obtained as follows:

foly) = / F(x,y) d

B /:o Voo 7P {_; Kgxg#) " (ﬁ” }H“’m)m To.00) () dx

e [T S {3 () ()]} teotn @
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Marginal and conditional probability distributions

The integral in (3) does not have a closed-form expression. Therefore, (3)

gives the marginal PDF of Y.
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Marginal and conditional probability distributions

The integral in (3) does not have a closed-form expression. Therefore, (3)

gives the marginal PDF of Y.

Result
When Y|X = x ~ Rayleigh(x) and X ~ log-normal(s,c?), the marginal
distribution of Y is known as the Suzuki distribution (Suzuki, 1977), with

parameters ; and o2,

~ufjf
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Two random variables, X and Y defined on (Q,F,P), =rc independent if

and only if, for every pair of events A and B,




Independent random variables

Two random variables, X and Y defined on (2, F,P), are independent if

and only if, for every pair of events A and B,
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Independent random variables

Two random variables, X and Y defined on (2, F,P), are independent if

and only if, for every pair of events A and B, we have

P({X € A}n{Y € B}) = P(X € A) x P(Y € B).

~ufjf
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Let (X, Y)T be a discrete bivariate random variable. /e <oy that X and v

are independent if and only if




Let (X, Y)T be a discrete bivariate random variable. We say that X and Y

are independent if and only if

p(x,y) = px(x) x py(y)

for all possible values of x and y.




Discrete case

Let (X, Y)" be a discrete bivariate random variable. We say that X and Y

are independent if and only if

p(x,y) = px(x) x py(y)

for all possible values of x and y.
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Discrete case

Let (X, Y)" be a discrete bivariate random variable. We say that X and Y

are independent if and only if
p(x,y) = px(x) X py(y)
for all possible values of x and y. That is,
PX=x,Y=y)=P(X=x)xP(Y =y),

for all x and y.
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Let (X, Y)T be a continuous bivariate random variable. /e <2y that X and

Y are independent if and only if




Let (X, Y)T be a continuous bivariate random variable. We say that X and

Y are independent if and only if

f(x,y) = fx(x) x fy(y).

for all (x,y) in the support of (X, Y).




Continuous case

Let (X, Y)T be a continuous bivariate random variable. We say that X and

Y are independent if and only if

f(x,y) = fx(x) x fy(y).

for all (x,y) in the support of (X, Y).
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Discrete case. |« (. V) be o discrete bivariate random varable




Discrete case. Let (X,Y)' be a discrete bivariate random variable. 'n

this case, X and Y are independent if and only if




Discrete case. Let (X,Y)' be a discrete bivariate random variable. In

this case, X and Y are independent if and only if o () — ool for

all x and all y such that py(y) > 0.




Theorem

Discrete case. Let (X,Y)' be a discrete bivariate random variable. In
this case, X and Y are independent if and only if px|y(x]y) = px(x) for

all x and all y such that py(y) > 0.
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Theorem

Discrete case. Let (X,Y)' be a discrete bivariate random variable. In
this case, X and Y are independent if and only if px|y(x]y) = px(x) for

all x and all y such that py(y) > 0.

Continuous case.
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Theorem

Discrete case. Let (X,Y)' be a discrete bivariate random variable. In
this case, X and Y are independent if and only if px|y(x]y) = px(x) for

all x and all y such that py(y) > 0.

Continuous case. Let (X, Y)T be a continuous bivariate random variable.

Magalh3es, TM (ICE-UFJF) Marginal and conditional distributions August 28, 2026 29/33



Theorem

Discrete case. Let (X,Y)' be a discrete bivariate random variable. In
this case, X and Y are independent if and only if px|y(x]y) = px(x) for

all x and all y such that py(y) > 0.

Continuous case. Let (X, Y)T be a continuous bivariate random variable.

In this case, X and Y are independent if and only if

Magalh3es, TM (ICE-UFJF) Marginal and conditional distributions August 28, 2026 29/33



Theorem

Discrete case. Let (X,Y)' be a discrete bivariate random variable. In
this case, X and Y are independent if and only if px|y(x]y) = px(x) for

all x and all y such that py(y) > 0.

Continuous case. Let (X, Y)T be a continuous bivariate random variable.
In this case, X and Y are independent if and only if fx|y(x|y) = fx(x) for

all x and all y such that fy(y) > 0.
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Theorem

Discrete case. Let (X,Y)' be a discrete bivariate random variable. In
this case, X and Y are independent if and only if px|y(x]y) = px(x) for

all x and all y such that py(y) > 0.

Continuous case. Let (X, Y)T be a continuous bivariate random variable.
In this case, X and Y are independent if and only if fx|y(x|y) = fx(x) for

all x and all y such that fy(y) > 0.

Observation. The analogous statements hold for Y.
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Example 5. (Example 2 from the previous lecture.) Suppose that the

continuous bivariate random variable (X, Y)T has joint PDF given by




Examples

Example 5. (Example 2 from the previous lecture.) Suppose that the

continuous bivariate random variable (X, Y)T has joint PDF given by
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Examples

Example 5. (Example 2 from the previous lecture.) Suppose that the

continuous bivariate random variable (X, Y)T has joint PDF given by

F(x,y) =27 I(g 4 00)(X) L0, 100) (¥)-
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Examples

Example 5. (Example 2 from the previous lecture.) Suppose that the

continuous bivariate random variable (X, Y)T has joint PDF given by
F(x,y) = 2€ e 2 T(g 400)(X) (0, +00) (¥)-

@ Calculate the marginal PDFs of X and Y;

@ Are X and Y independent?
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Thank you!
X tiago.magalhaesQufjf.br
‘i uf jf.br/tiago_magalhaes

# Department of Statistics, Room 319
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