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Random vectors

Let (Ω,F ,P) be a probability space and let n functions,

X1(ω),X2(ω), . . . ,Xn(ω),

each associating a real number with each outcome ω ∈ Ω.
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Random vectors

Thus, we will refer to X = (X1,X2, . . . ,Xn)> as an n-dimensional, mul-

tidimensional, multivariate random variable, or, more precisely, a random

vector.
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Random vectors

Without loss of generality and to simplify the statements, we will present the

concepts and definitions for the case of two-dimensional random variables

(X1,X2)> or (X ,Y )>.
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Two-dimensional discrete random variable

The vector (X ,Y )> will be a two-dimensional discrete random variable

if the possible values (support) of (X ,Y )> are finite or countably infinite,

that is, the possible values of (X ,Y )> can be represented by (x , y), x ∈ Z

and y ∈ Z.
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Two-dimensional continuous random variable

The vector (X ,Y )> will be a two-dimensional continuous random varia-

ble if (X ,Y )> can take all values in some uncountable set of the Euclidean

plane.
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Two-dimensional random variable

Remark
The vector (X ,Y )> may consist of a discrete random variable and a conti-

nuous random variable.
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Probability mass function

Let (X ,Y )> be a two-dimensional discrete random variable.

For each pos-

sible outcome (x , y), we associate a number p(x , y) representing P(X =

x ,Y = y) and satisfying the following conditions:

p(x , y) ≥ 0, for all (x , y);∑+∞
y=−∞

∑+∞
x=−∞ p(x , y) = 1.
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Probability mass function

The function p defined for every (x , y) in the range of (X ,Y )> is called the

probability mass function of (X ,Y )>.

The set of terms [x , y , p(x , y)], x ∈ Z and y ∈ Z,

is sometimes called the

probability distribution of (X ,Y )>.
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Probability density function

Let (X ,Y )> be a continuous random variable taking all values in the Eucli-

dean plane.

The joint probability density function (PDF) f is a function

that satisfies the following conditions:

f (x , y) ≥ 0, for all (x , y) ∈ R2;∫+∞
−∞

∫+∞
−∞ f (x , y) dxdy = 1.
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Cumulative distribution function

Let (X ,Y )> be a two-dimensional random variable.

The cumulative distri-

bution function (CDF) F of the two-dimensional random variable (X ,Y )>

is defined by

F (x , y) = P (X ≤ x ,Y ≤ y) .
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Cumulative distribution function

The CDF of a two-dimensional random variable (X ,Y )> has properties

analogous to those of a one-dimensional CDF. Among them, if F is the

CDF of a two-dimensional random variable with PDF f ,

then

∂2F (x , y)
∂x∂y = f (x , y),

whenever F is differentiable.
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Examples

Example 1. Suppose that the two-dimensional continuous random variable

(X ,Y )> has joint PDF given by

f (x , y) =
(
x2 + xy

3

)
I[0,1](x) I[0,2](y). (1)

1 Show that f (x , y) in (1) is a joint PDF.

2 Calculate P(X > 0.5,Y > 1).

3 Calculate P(B), where B = {X + Y ≥ 1}.
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Examples

Example 2. Suppose that the two-dimensional continuous random variable

(X ,Y )> has joint PDF given by

f (x , y) = 2 exp{−(x + 2y)} I(0,+∞)(x) I(0,+∞)(y).

Show that f (x , y) is a joint PDF and then calculate:

1 P(X > 1, Y < 1);

2 P(X < Y );

3 P(X < a).
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Thank you!
B tiago.magalhaes@ufjf.br

Í ufjf.br/tiago_magalhaes

m Department of Statistics, Room 319
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