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Abstract. In this paper, we introduce a new online algorithm for orthogonal
regression. The method is constructed via a stochastic gradient descent appro-
ach combined with the idea of a tube loss function, which is similar to the one
used in support vector (SV) regression. The algorithm can be used in primal
or in dual variables. The latter formulation allows the introduction of kernels
and soft margins. In addition, an incremental strategy algorithm is introduced,
which can be used to find sparse solutions and also an approximation to the
“minimal tube” containing the data. The algorithm is very simple to implement
and avoids quadratic optimization.

Keywords: support vector machines, online algorithms, kernel methods, regres-
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1. Introduction
A regression problem consists of finding an unknown relationship between given points
xi ∈ Rn and their corresponding target values yi ∈ R. This problem is usually formulated
as one of finding a function f : Rn → R, which maps points to target values, that
minimizes a certain loss function. Usually, it is assumed that noise is only present in the
target values and the loss function measures deviations of f(xi) from its corresponding
value yi. This is the case of the classical regression formulation proposed by Gauss, which
minimizes the sum of the quadratic deviation between targets and the estimated function
[Huber 1972].

Aiming to solve the classical regression problem, Vapnik developed a formula-
tion based on a loss function called ε-insensitive and introduced the concept of tube
[Vapnik 1995]. These new elements, based on structural risk minimization princi-
ple, allowed the development of an specific support vector machine formulation for
regression problems, called support vector (SV-) regression. This method has be-
come quite popular due to its flexibility, specially with respect to the use of kernels
[Smola and Schölkopf 2002].

Orthogonal regression has its origins with Adcock in 1877 [Adcock 1877] (see
[Markovsky and Huffel 2007] for a historical overview). This regression problem appe-
ars in the literature under different names, for instance, it has been called total least-
square [Golub 1973]and it is commonly called error-in-variables in the statistics com-
munity [Markovsky and Huffel 2007, Griliches and Ringstad 1970]. In this setting, noise
can be present not only in the target values yi but also in the data points xi. This pro-
blem is motivated by several applications, as for instance, in audio [Hermus et al. 2005]
and image [Luong et al. 2012]processing. The usual approach for solving the orthogonal
regression problem is via a singular value decomposition of the associated data matrix
[Markovsky and Huffel 2007].

In this work, we present a new formulation for orthogonal regression which adapts
the idea of ε-insensitive loss function introduced by Vapnik. The problem is defined as
the minimization of the empirical risk with respect to a novel tube loss function for ortho-
gonal regression. An algorithm to solve this problem is proposed based on the stochastic
gradient descent approach, similar to Rosenblatt’s Perceptron [Rosenblatt 1958]. The
proposed method can be used in primal or in dual variables, making it more flexible for
different types of problems. In dual variables, the algorithm allows the introduction of
kernels and margin flexibility. To the best of our knowledge, this is the first method that
allows the introduction of kernels via the so-called “kernel-trick” for orthogonal regres-
sion. In addition, an incremental strategy is introduced, similar to the one proposed in
[Leite and Fonseca Neto 2008], which can be used to find more sparse solutions and also
an approximation of the “minimal tube” containing the data. It is important to mention
that this minimal tube cannot be found using the standard SV-regression approach.

2. The Regression Problem and Loss Functions
Let Xm := {xi}mi=1, where xi ∈ Rn, be the set of training points and let Ym := {yi}mi=1,
with yi ∈ R the corresponding set of target values. Let Zm := {(y, x) : y ∈ Ym and x ∈
Xm} be the training set. The general problem of regression can be stated as follows:
suppose that the pairs zi := (yi, xi) ∈ Zm are independent samples of a random vector



Z := (Y,X), where Y and X are correlated and have an unknown joint distribution
PZ . Given Zm, the problem is to find an unknown relationship between points and their
respective targets, given by a function f : Rn → R over a certain class C of functions,
which minimizes the expected risk: EZ [`(Y,X, f)], where the expectation is taken over
the distribution PZ and ` : R×Rn×C → R is a loss function, which penalizes deviations
between functional and target values.

One approach in this case is to use Zm to estimate PZ , however, this generally
turns out to be a more challenging task than the original problem. Therefore, it is com-
mon to consider the reduced problem of finding a function f ∈ C which minimizes the
empirical risk given the training set Zm, that is: Remp[Zm] := 1

m

∑m
i=1 `(yi, xi, f).

Since we are interested in applying the so-called “kernel trick” later on, we restrict
our class of functions C to linear functions of the form: f(w,b)(x) := 〈w, x〉 + b, where
w ∈ Rn is the normal vector and b ∈ R is the bias term.

The most common choice for ` is the squared loss given by `2(y, x, f) :=
(y − f(x))2, which gives origin to the least-square regression. The rationale behind this
approach is to minimize the sum of squared residuals δyi := yi − f(xi) in such a way
that yi = f(xi) + δyi. The common assumption is that only the target values are random.
However, some practical problems may have noisy training points xi as well. A natural
generalization of the above procedure is to also minimize variation in the training points
xi, that is, minimize δy2i + δx2i in such a way that yi = f(xi + δxi) + δyi. This is com-
monly called total least-square or orthogonal regression [Markovsky and Huffel 2007].
Geometrically, this problem minimizes the sum of squared orthogonal distances between
the points zi := (yi, xi) and the hyperplane, as opposed to the least-square formulation,
which minimizes the sum of the squared direct differences between functional values and
target values.

The corresponding loss function for the total least-square formulation can be writ-
ten as: `t(y, x, f(w,b)) := (y−〈w,x〉−b)2

||(1,w)||2 , where the norm || · || with no lower index corres-
ponds to the l2 norm || · ||2.

Another common choice for the loss function, which is used in the SV-regression,
is called the ε-insensitive (or ε-tube) loss. It is given by: `ε(y, x, f) := max{0, |y −
f(x)| − ε}, where ε is interpreted as the radius of this tube. Therefore, this loss function
penalizes solutions which leaves training points outside of this tube. A favorable feature
of this loss function is that it gives sparse solutions when formulated in dual variables. In
respect to this loss function, let us introduce some notation and terminology which will
be used later on. For each fixed ε > 0, define the following set:

V(Zm, ε) := {(w, b) ∈ Rn+1 : |yi − 〈w, xi〉 − b| ≤ ε,∀(xi, yi) ∈ Zm},

which we call version space. When this set is not empty, we say that the problem accepts
a tube of size ε, or an ε-tube.

In order to consider a tube loss function for the orthogonal regression problems,
which is useful to maintain the sparsity of the dual solution, we propose the following
loss function: for a ρ > 0, let `ρ(y, x, f(w,b)) := max

{
0, |y−〈w,x〉−b|||(1,w)|| − ρ

}
, which we

call ρ-insensitive (or ρ-tube) loss. In a similar fashion to what was done for the `ε loss



function, define the following version space:

Ω(Zm, ρ) := {(w, b) ∈ Rn+1 : |yi − 〈w, xi〉 − b| ≤ ρ||(1, w)||,∀(xi, yi) ∈ Zm},

for each ρ > 0. Again, we say that the problem accepts a ρ-tube if the version space is
not empty.

For each fixed (w, b), notice that there is an interesting relationship between the
orthogonal distances and the direct functional differences for each point (yi, xi). For that
let εi := yi−〈w, xi〉−b and ρi := (yi−〈w, xi〉−b)/||(1, w)||, then clearly εi = ρi||(1, w)||.

3. Online Algorithms for Regression
In the online learning setting, one constructs the candidate functions f ∈ C (usually called
hypothesis) minimizing the empirical risk by examining one training example (yi, xi) at
a time. In this way, we start with an initial hypothesis f0 and, at each iteration t, the
algorithm examines one example and updates its current hypothesis ft according to some
specific update rule.

In order to derive this update rule, we follow the ideas of the Perceptron algo-
rithm [Rosenblatt 1958] and use an stochastic gradient descent approach. Considering
the empirical risk defined in the previous section, let us define the following cost:

J(f) :=
∑

(yi,xi)∈Zm

`(yi, xi, f),

which should be minimized in respect to f . Therefore, for each pair of points (yi, xi), the
following update rule is applied to the current hypothesis ft:

ft+1 ←− ft − η∂f`(yi, xi, f) (1)

where η > 0 is usually called learning rate and ∂f denotes the gradient of the loss function
with respect to f .

3.1. Fixed Radius Perceptron (FRP)
In this section, the proposed online algorithm for orthogonal regression is presented. It
is based on the online learning setting described in the previous section applied to the
ρ-insensitive loss function. In order to do so, we begin by presenting an online algorithm
for classical regression using the ε-tube loss function, which is the same used in the SV-
regression formulation. The derivation of this algorithm helps to introduce the main ideas
before presenting the algorithm for orthogonal regression. It is also used for comparison
in the experimental section.

Let us apply the ideas of the previous section to the loss function `ε, restricting
our class of functions C to linear functions f(w,b). Then the condition `ε(·) > 0 to update
the hypothesis f(wt,bt) after example (yi, xi) becomes:

|yi − 〈wt, xi〉 − bt| > ε. (2)

For the update rule, the gradient in equation (1) is taken in respect to the parameters (w, b)
that compose the function f(w,b). Therefore we have:

wt+1 ←− wt + η sign(yi − 〈wt, xi〉 − bt)xi
bt+1 ←− bt + η sign(yi − 〈wt, xi〉 − bt), (3)



where sign(x) := x/|x|, for x ∈ R \ {0}. We call this algorithm Fixed ε-Radius Per-
ceptron (εFRP). A similar algorithm has been presented in [Kivinen et al. 2004], using
a similar loss function. The algorithms are equivalent when the parameter ν, used in
[Kivinen et al. 2004], is set to zero.

Since we are interested in orthogonal regression, we consider the ρ-tube loss func-
tion presented in Section 2. Following an analogous derivation, the condition to update
the hypothesis after examining (yi, xi) becomes: |yi−〈wt,xi〉−bt|

||(1,wt)|| > ρ.

The corresponding update rule has the following form:

wt+1 ←− wtλt + η

(
sign(yi − 〈wt, xi〉 − bt)xi

||(1, wt)||

)
bt+1 ←− bt + η

(
sign(yi − 〈wt, xi〉 − bt)

||(1, wt)||

)
, (4)

where λt is given by

λt :=

(
1 + η

|yi − 〈wt, xi〉 − bt|
||(1, wt)||3

)
. (5)

We call the corresponding algorithm Fixed ρ-Radius Perceptron (ρFRP).

4. Algorithm in dual variables
Suppose now that the training examples are in some abstract space X . In addition, sup-
pose that the functions f ∈ C accept the following representation: f = fH + b, for
some fH ∈ H and b ∈ R, where H is a reproducing kernel Hilbert space (RKHS) (e.g.,
[Smola and Schölkopf 2002]). Let 〈·, ·〉H and k : X × X → R be the associated inner
product and reproducing kernel, respectively. Then, the reproducing property of k implies
that k(x, ·) ∈ H and, for any f ∈ H, we have that 〈f, k(x, ·)〉H = f(x) for all x ∈ X .
Another interesting property of RKHS is that any f ∈ H can be written as linear combi-
nation of the k(x, ·). This fact is very useful for learning algorithms since we can write
the hypothesis at iteration t as:

ft(x) =
m∑
i=1

αt,ik(xi, x) + bt (6)

for some αt := (αt,1, . . . , αt,m)′ ∈ Rm, bt ∈ R, x ∈ X and xi ∈ Xm. In this sense, we
can define wt :=

∑m
i=1 αt,ik(xi, ·) and interpret the function ft, given in equation (6), as:

ft(x) = 〈wt, k(x, ·)〉H + bt, (7)

by the reproducing property of k. Let || · ||H be the norm induced by the inner product
〈·, ·〉H, i.e. ||f ||2H := 〈f, f〉H for all f ∈ H. Then, the norm of wt can be written as:
||wt||2H :=

∑m
i=1

∑m
j=1 αt,iαt,jk(xi, xj), by the reproducing property.

Usually, in practice, the above construction of the function class C is esta-
blished by choosing a function k : X × X → R, which intuitively measures si-
milarities between points in X . If this function k attends Mercer’s condition (e.g.



[Smola and Schölkopf 2002]), it can be shown that there is a corresponding reproducing
kernel Hilbert space H that has k as its associated kernel. When X = Rn, one possible
choice for k is the inner product 〈·, ·〉 of Rn. This leads us to the linear representation of
f used in the previous sections.

In this sense, the update rule for ρFRP in dual variables is constructed.Following
the update rule given in equation (4), notice that wt is scaled by a factor of λt, given by
equation (5). In dual variables this corresponds to scaling the vector αt by the same factor
λt before the associated component of αt is updated. Hence, if the ith example (yi, xi)
is outside of the ρ-tube, the update is done as follows: first αt is scaled by λt, then the
following update is performed:

αt+1,i ←− αt,i + η

(
sign(yi − ft(xi))
||(1, wt)||

)
,

where we define ||(1, wt)|| :=
√

1 + ||wt||2H. Notice that the update rule for the εFRP in
dual variables can be constructed in a similar fashion.

5. Incremental strategy
In this section, we consider an incremental strategy, based on the one introduced in
[Leite and Fonseca Neto 2008], which can be useful to give sparse solutions and to find
an approximation to the minimal tube containing the data. For this, we restrict the discus-
sion in this section to the ρFRP algorithm, although the same arguments can be extended
directly to εFRP.

Given a training set Zm and a fixed constant ρ, the ρFRP algorithm can be seen
as one that finds a point (w, b) inside the version space Ω(Zm, ρ). Suppose that one is
able to construct a tube radius ρ̃ such that ρ̃ < ρ from a solution (w, b) ∈ Ω(Zm, ρ) in
such a way that the new version space Ω(Zm, ρ̃) is not empty. Then the ρFRP algorithm
can be used to find a sequence of strictly decreasing tube radii ρ0, ρ1, . . . , ρn such that the
corresponding version spaces are not empty.

One application of such strategy of constructing this sequence of decreasing tube
radii is to identify support vectors or points that are the most outlining among the training
set. Suppose for instance that a radius ρf is desired for a given problem. Then one can
proceed in the following fashion: first one chooses a large ρ0 and progressively decreases
this radius up to a final radius ρn such that ρn ≤ ρf . This way, as the radius shrinks, only
the most outlining training points will have an effect on the hypothesis, contributing to
the sparsity of the solution.

In the case where soft margins are not desired, one can use the above strategy to
approximate the minimal tube containing the data, that is:

ρ∗ := inf{ρ : Ω(Zm, ρ) 6= ∅}.

This can be done by iteratively producing new radii ρn up to a final iteration N where
ρN ≈ ρ∗.

6. Experimental results
This section was constructed aiming to cover the technical features of the proposed
method.



6.1. Treating variables symmetrically
An interesting technical feature of orthogonal regression models is that it treats the vari-
ables of the problem symmetrically [Ammann and Ness 1988]. Such procedure could be
very useful when the problem actually does not have independent and dependent varia-
bles, and should instead be treated equally.

This first toy example shows that the proposed method presents the behavior dis-
cussed above. Figure 1 shows three regression lines. The solid line corresponds to the
orthogonal regression using the ρFRP. The dashed line is the standard regression using
εFRP to predict Y (as dependent variable) from X (as independent variable). The dash-
dot line is the standard regression using εFRP, where the dependent and independent
variables where swapped. That is, the regression is predicting X from Y . Also, Figure 1
depicts the lines of the respective distances that are measured from a typical point. It is
important to mention that if we swap the variables and run the orthogonal regression with
ρFRP, the same solid line is obtained.
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Figura 1. Orthogonal regression (ρFRP) and standard regression (εFRP).

6.2. Sparsity
In this group of experiments, we applied the ρFRP and εFRP algorithms combined with
the incremental strategy algorithm (ISA) to different datasets. In order to observe this, we
also tested both methods without ISA. The results of SVM-light [Joachims 1999] are also
presented for comparison.

The training sets were generated from a chosen function and polluted with diffe-
rent noise intensities in both variables. For the testing set, we generated a new dataset
using the same function, with different points distributed over the same input range, with
no noise added. The testing set has twice the number of points of the training set. The
sets are described below for each chosen function.

The Linear1 training set has 51 examples generated from the function y = 2x +
0.1, where x ∈ [−5, 5]. Both variables are polluted with a Gaussian noise with standard
deviation σx = σy = 0.2. The Exp1 training set has 51 examples of the function y = e−x

2 ,
where x ∈ [−1, 1] and Gaussian noise is introduced with σx = σy = 0.1.



In order to compare the solutions, we present the following data obtained from the
experiments: the number of support vectors (sv), shown to observe sparsity; the ortho-
gonal (ρ) and vertical (ε) tube radii; and the norm of the solution (n = ||(1, w)||). For
the FRP methods, we also present the total number of iterations (it) and total number of
updates (up) performed by the algorithms. In order to measure the quality of the fit, we
use two error measures. The first is the root mean squared error (RMSE). The RgMSE
criterion takes the root of the squared orthogonal deviation.

The test presented in this section were performed in the following way. First,
we calculated the range of the target values r := maxi=1,...,m yi − mini=1,...,m yi in the
training set. Then, we set the value of ε to 0.1r for the εFRP and SVM algorithms. Also,
this value was used as an stop criterion for εFRPISA. In order to compare the results, we
calculated the respective ρ obtained for the εFRP solution, by the equation ε = ρ||(1, w)||,
and used it to run the ρFRP and ρFRPISA algorithms. The capacity control parameter C
was set to C/m = 10, where m is the number of training examples, as suggested in
[Smola and Schölkopf 2002]. Also, we set the learning rate to η = 0.01. For the Linear1
the linear kernel k(xi, xj) := 〈xi, xj〉 was used. For Exp1, we used a polynomial kernel
k(xi, xj) := (s 〈xi, xj〉 + c)d with d = 2, s = 1 and c = 0. In each case, we saved the
model and used it to perform the tests. The RMSE and RgMSE criteria are measured in
the training and testing sets. The results are presented in Table 1.

Tabela 1. Results from orthogonal (ρFRP) and classical regression (εFRP and
SVM).

sv ρ/ε/n it/u Training Testing
RMSE RgMSE RMSE RgMSE

Linear1
ρFRP 44 0.626/1.344/2.149 7/65 0.48068 0.22367 0.28514 0.13268
ρFRPISA 5 0.625/1.327/2.122 92/46 0.56054 0.26415 0.41071 0.19354
εFRP 37 0.626/1.952/3.120 4/50 0.88479 0.28359 0.81896 0.26249
εFRPISA 6 0.639/1.928/3.015 74/37 1.00106 0.33201 0.94416 0.31314
SVM 2 0.998/1.928/1.932 -/- 1.09079 0.56468 1.04105 0.53893

Exp1
ρFRP 40 0.094/0.240/2.566 1105/5789 0.11911 0.04642 0.03528 0.01375
ρFRPISA 5 0.094/0.230/2.460 2580/3894 0.11343 0.04611 0.03103 0.01261
εFRP 41 0.094/0.098/1.043 26304/164166 0.11382 0.10912 0.04679 0.04486
εFRPISA 22 0.093/0.098/1.055 25727/130023 0.11272 0.10685 0.03840 0.03640
SVM 22 0.093/0.080/1.158 -/- 0.11289 0.09748 0.04033 0.03483

First notice that ISA performs well in respect to maintaining the sparsity of the
solution. The FRP methods have less support vectors when combined with the ISA.
Secondly, when using ISA, the FRP algorithms show a higher number of iterations, as
expected. However, they make fewer number of updates.

Considering the quality of the fit, the orthogonal regression methods present the
best results. For dataset Exp1, the results are very similar for the RMSE measure, however
the εFRP and εFRPISA performed a large number of iterations and updates.



7. Conclusions
In this paper we introduced a new formulation for orthogonal regression based on an on-
line training approach using the stochastic gradient descent. When formulated in dual
variables the algorithm allows the introduction of kernels, via the kernel trick, and margin
flexibility. The algorithm is entirely based on perceptron which makes it simple to un-
derstand and implement. To the best of our knowledge, this is the first online algorithm
for orthogonal regression with kernels.

Also we presented an incremental strategy algorithm that can be combined with
the proposed method in order to find sparse solutions and also the minimal tube con-
taining the data. The experimental results show that the proposed method works well
in comparisons with classical regression approach when different scenarios of noise are
presented.
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